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Dynamical magnetic and nuclear polarization in complex spin systems is discussed on the example
of transfer of spin from exciton to the central spin of magnetic impurity in a quantum dot in the
presence of a finite number of nuclear spins. The exciton is described in terms of the electron
and heavy hole spins interacting via exchange interaction with magnetic impurity, via hyperfine
interaction with a finite number of nuclear spins and via dipole interaction with photons. The
time-evolution of the exciton, magnetic impurity and nuclear spins is calculated exactly between
quantum jumps corresponding to exciton radiative recombination. The collapse of the wavefunction
and the refilling of the quantum dot with new spin polarized exciton is shown to lead to build up
of magnetization of the magnetic impurity as well as nuclear spin polarization. The competition
between electron spin transfer to magnetic impurity and to nuclear spins simultaneous with the
creation of dark excitons is elucidated. The technique presented here opens up the possibility of
studying optically induced Dynamical Magnetic and Nuclear Polarization in Complex Spin Systems.
PACS numbers: 75.50.-y,75.50.Pp,85.75.-d
I. INTRODUCTION
There is currently interest in developing means of lo-
calizing and controlling complex spin systems in solid
state devices1. This includes electron and/or hole spins in
gated2,3, self-assembled4, nanocrystal5 and carbon nan-
otube quantum dots6, nitrogen vacancies in diamond7
and magnetic impurities in II-VI8–13 and III-V14,15 semi-
conductors. The complex spin systems involved include
heavy valence holes with spin J = 3/2, nitrogen vacan-
cies with spin M = 1, half-filled shell electrons of mangan
Mn2+ impurity atom with spin M = 5/2 or Mn3+ atom
with M = 3/2 in II-VI semiconductor quantum dots,
or strongly coupled valence hole-Mn atom in InAs/GaAs
quantum dots. Extensive theoretical studies have been
carried out, predicting rich phase diagram for these sys-
tems17–21. For NV centers in diamond, carbon nanotube
based quantum dots and magnetic impurities in II-VI
semiconductor quantum dots the complex spin system
interacts with only a finite number of nuclear spins. The
controlling of magnetization of complex spin systems is
often carried out optically and involves transfer of pho-
ton angular momentum into exciton spin, and exciton
spin into the spin of the complex spin system22,23. This
dynamical magnetic polarization (DMP) process is de-
cohered by photon and nuclear spin baths. Recently,
first optical experiments on single magnetic impurities
in II-VI quantum dots measured the dynamic evolution
of the magnetization process8–10 with theoretical models
of DMP based on rate equations24,25.
In this work, we develop a microscopic theory of opti-
cally driven dynamical magnetic polarization of complex
spin systems. The theory describes the transfer of spin
from exciton to the central spin of magnetic impurity in a
quantum dot in the presence of a finite number of nuclear
spins using quantum jump approach26–28. The exciton is
described in terms of the electron and heavy hole spins
interacting via exchange interaction with magnetic impu-
rity, via hyperfine interaction with a finite number of nu-
clear spins and via dipole interaction with photons. The
time-evolution of the exciton, magnetic impurity and nu-
clear spins is calculated exactly between quantum jumps
corresponding to exciton radiative recombination. The
collapse of the wavefunction and the refilling of the quan-
tum dot with new spin polarized exciton as in recent ex-
periment by Goryca et al.8 is shown to lead to build up
of magnetization of the magnetic impurity as well as nu-
clear spin polarization. The competition between elec-
tron spin transfer to magnetic impurity and to nuclear
spins simultaneous with the creation of dark excitons is
elucidated.
The paper is organized as follows. In Section II we
describe our model. Section III describes quantum jump
approach to time evolution of a single MI and a single ex-
citon in the absence of nuclear spins. Section IV contains
quantum jump approach and the dynamical evolution of
MI interacting with a train of excitons in the presence of
nuclear spins. In sections V and VI we present numerical
results, discussions, conclusion and the summary.
II. THE MODEL
We consider a semiconductor QD containing a complex
spin system M , e.g., magnetic ion (MI), coupled with
few nuclear spins of the host material, as in, e.g., CdTe
quantum dots. The quantum dot with MI is attached to
a smaller quantum dot with no MI where the electrons
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FIG. 1: Schematic representation of the DMP process.
and valence holes with definite spin polarization are gen-
erated optically by circularly polarized light. This is il-
lustrated in Fig.1a where circles describe quantum dots,
blue arrow corresponds to electron spin Sz = +1/2 and
white arrow corresponds to heavy hole spin Jz = −3/2
in the smaller dot. The larger dot contains a randomly
oriented complex spin M , represented by a magenta ar-
row and a number of randomly oriented nuclear spins
represented by small arrows. The DMP process starts
with transfer of spin polarized exciton from the smaller
QD to the larger QD, as illustrated in Fig.1b. As a re-
sult of interactions, the spin of electron, MI and nuclear
spins undergo a flip-flop process as the wavefunction of
the larger dot evolves and forms an entangled state, a
linear combination of bright and dark excitons, as shown
in Fig.1c. During this process the smaller dot is refilled
with spin polarized exciton. Simultaneously, the bright
exciton decays due to interaction with the photon field
with a random recombination time, resulting in a photon
emission and a quantum jump takes place. As a result of
this process, the states of the magnetic ion and nuclear
spins are modified, the polarization is increased and the
larger dot is refilled with spin polarized exciton and the
DMP process continues.
We now quantitatively describe the DMP process. We
start with the Hamiltonian describing the quantum dot
coupled with the photon bath H = HQD + HphQD +
Hph . Here Hph is the photon Hamiltonian, HphQD is
the Hamiltonian describing coupling of photons with the
exciton in a QD and HQD is the QD hamiltonian.
The QD Hamiltonian describes the coupling between
exciton X and the magnetic moment of the complex
spin system, consisting of MI and nuclear spins I. It
is given by: HQD = Hm +Hx +Hxm +Hn +Hxn +Hmn.
Here Hx describes the exciton internal energy, Hm de-
scribes the MI internal energy and the remaining terms
in HQD represent X-MI, X-I and MI-I exchange cou-
plings. The exciton Hamiltonian describes the low en-
ergy quadruplet |S, J〉 characterized by quantum spin
numbers of an electron, S = ±1/2, and a heavy hole,
J = ±3/2 in the QD. The complex spin system is de-
scribed by a total spin ~M =
∑N
i=1 ~ui, where N is the
number of spins u = 1/2 building up the MI system, and
Hm =
∑
i<j Jij~ui · ~uj +DM2z in which Jij are exchange
matrix elements building the total spin M . In quantum
dots one often includes strain field D leading to splitting
of the different Mz levels
16. Similarly ~I =
∑Nb
i=1
~Ii where
Nb is total number of nuclear spins.
We assume that exchange coupling constants of MI
spins with the environment are identical and the full QD
Hamiltonian can be written as21:
HQD = Hm +Hx + JhmJzMz − Jem~S · ~M
+
Nb∑
n
[Jne~In · ~S + JnhIz,nJz] +
Nb∑
n
Nb∑
n′ 6=n
Jnn′~In · ~In′
+
Nb∑
n
An~In · ~M. (1)
The exciton Hamiltonian Hx = ∆0SzJz + ∆1(S
+J− +
S−J+) describes splitting ∆0 between the low energy
dark exciton doublet | ↑,⇑〉 = | + 1/2,+3/2〉, | ↓,⇓〉 =
| − 1/2,−3/2〉 with total angular momentum jz = ±2
along quantization-axis, zˆ, and higher energy bright ex-
citon doublet | ↓,⇑〉 = | − 1/2,+3/2〉, | ↑,⇓〉 = | −
3/2,+1/2〉 with jz = ±1. Here ↑ / ↓ and ⇑ / ⇓
represent spin of electron and hole30. The bright exci-
ton doublet is split by the anisotropic electron-hole ex-
change interaction characterized by parameter ∆1 which
measures the splitting of the two bright exciton states
| + 1/2,−3/2〉, | − 1/2,+3/2〉. ∆1 is zero for cylindri-
cal quantum dots and the two bright exciton states cor-
respond to circular photon polarization. The exciton-
MI coupling in Eq.1 is given as a sum of the ferromag-
netic Heisenberg electron-MI exchange Hem = −Jem~S · ~M
and anti-ferromagnetic Ising exchange interactionHhM =
+JhMJzMz.
21 Only electron-MI interaction is responsi-
ble for the e-MI spin flip-flop process. The interaction
of complex spin MI with nuclear spin associated with
the spin complex is denoted here by HMI = A~IM · ~M .
This interaction might, for example, describe coupling
3of manganese d-shell electron spins with manganese ion
nuclear spin16. With hole spin strongly aligned along
the growth z direction the coupling of electron and hole
spins to surrounding nuclear spins of isotopes of the
QD and barrier material with finite nuclear spin reads∑Nb
n [Jne
~In · ~S + JnhIz,nJz] +
∑
n,n′ Jnn′
~In · ~In′ where Nb
is the number of nuclear spins in the QD and the last
term describes nuclear spin interaction. We note that for
isotropic QD the long range e-h exchange ∆1 is zero and
the heavy hole spin Jz = ±3/2 is preserved.
III. SINGLE MI, SINGLE EXCITON AND NO
NUCLEAR SPIN
We start our discussion of DMP by discussing time
evolution of magnetization of X-MI complex interacting
with harmonic fields of photons in the absence of nuclear
spins. To focus on quantum dynamics in the simplest
spin system, we consider MI with M = 1/2 and just two
states, | ↑〉 = |Mz = 1/2〉 and | ↓〉 = |Mz = −1/2〉,
and Hamiltonian HQD = Hx + Hxm where Hxm =
−Jem~Se · ~M + JhmSz,hMz. We also consider a CW laser
field with one type of circular polarization, e.g., σ = +1,
that generates excitons with one type of polarization,
jz = +1, corresponding to |Xb〉 = | ↓,⇑〉. Because we
neglect the hole spin-flip in the spin flip-flop process of
X-MI complex, as discussed in Sec. II, the dark exciton
|Xd〉 = | ↑,⇑〉 with jz = +2 is the only state generated
throughout the electron-MI spin-flip. Hence the space of
a single X-MI complex can be spanned by |1〉 = |Xb, ↓〉,
|2〉 = |Xb, ↑〉, |3〉 = |Xd, ↓〉, |4〉 = |Xd, ↑〉, |5〉 = |0, ↓〉,
|6〉 = |0, ↑〉. In this basis the exciton Hamiltonian is di-
agonal Hx = diag(Eb, Eb, Ed, Ed, 0, 0). Here Eb, and Ed
are the energy of bright and dark excitons measured rel-
ative to the vacuum. In the basis of {|1〉, |4〉}, {|2〉, |3〉},
and {|5〉, |6〉}, the X-MI Hamiltonian is block-diagonal
Hxm = Hxm,1 ⊕Hxm,2 ⊕Hxm,3 where Hxm,1 = (−Jem +
Jhm)/4 1, Hxm,2 =
(
(Jem − Jhm)/4 −Jem/2
−Jem/2 (Jem − Jhm)/4
)
,
and Hxm,3 = 0 respectively. Here 1 is a 2 × 2 unit ma-
trix.
The off-diagonal elements of Hxm,2 describe mix-
ing of Xb and Xd via spin-1/2 MI. Hence |ψ(t)〉 =
Cb,↑(t) exp(−iEbt/h¯)|Xb, ↑〉+Cd,↓(t) exp(−iEdt/h¯)|Xd, ↓
〉 with initial condition |ψ(t = 0)〉 = |Xb, ↑〉 is one of
the solutions of the time-dependent Schro¨dinger equa-
tion −ih¯ ∂∂t |ψ(t)〉 = HQD|ψ(t)〉. This state describes a
coherent Rabi-oscillations between bright and dark exci-
tons due to MI spin flip-flop.
Note that in |ψ(t)〉 there is no mixing with the vac-
uum, |0,Mz = ±1/2〉, unless we take into account the
coupling of bright-exciton with radiation field. In the in-
teraction and rotating wave approximation the electron-
photon coupling is described by the Hamiltonian that
(a) (b)
(c) (d)
FIG. 2: Time evolution of density matrix with the initial
condition ρ11(t = 0) = ρ22(t = 0) = 0.5 and ρij(t = 0) = 0
for other i and j’s, corresponding to initial random state of
MI, are shown in (a), (c), and (d) for δ = 0, 1, 5 meV. In
(b) the expectation value of MI spin for δ = 0 is shown.
Here |1〉 = |Xb, ↓〉, |2〉 = |Xb, ↑〉, |3〉 = |Xd, ↓〉, |4〉 = |Xd, ↑〉,
|5〉 = |0, ↓〉, |6〉 = |0, ↑〉. The population of vacuum can be
calculated by ρvacuum = ρ55 + ρ66. The elements of density
matrix, not plotted in this figure, are all identical to zero.
does not directly change the state of MI
HphQD(t) = h¯
∑
~k,Mz
g~k[b
†
~k
|0,Mz〉〈Xb,Mz|e−i(ωb−ω~k)t
+b~k|Xb,Mz〉〈0,Mz|e+i(ωb−ω~k)t], (2)
where b†~k and b~k are creation and annihilation operators
of photon with specific circular polarization σ = +1. g~k,
and ω~k are the photon-X coupling constant and photon
frequency, respectively, and ωb = Eb/h¯. The equation of
motion of the QD density matrix, ρ, coupled with ther-
mal bath of photons can be calculated after tracing over
photon degrees of freedom. Here ρ represents the density
matrix of a single exciton interacting with a single MI.
Assuming that photons are in thermal equilibrium and
are weakly coupled with excitons in QDs, the equation of
motion for exciton density matrix, ρ, can be calculated
perturbatively. Up to the second order of perturbation,
it is straightforward to show that28
dρ
dt
= − i
h¯
[HQD, ρ]− Γ
2
nB
∑
Mz
(|0,Mz〉〈0,Mz|ρ
−2|Xb,Mz〉〈0,Mz|ρ|0,Mz〉〈Xb,Mz|
+ρ|0,Mz〉〈0,Mz|)
−Γ
2
(nB + 1)
∑
Mz
(|Xb,Mz〉〈Xb,Mz|ρ
−2|0,Mz〉〈Xb,Mz|ρ|Xb,Mz〉〈0,Mz|
4+ρ|Xb,Mz〉〈Xb,Mz|), (3)
where nB = 1/(e
h¯ω/kBT − 1) is Bose-Einstein distribu-
tion function and Γ =
4ω3bξ
2
3h¯c3 is the transition rate for
the spontaneous emission of photons. ξ is the dipole mo-
ment matrix element. Note that in Eq.(3) vacuum can
be considered as a shelving-state.
The numerical solutions of Eq.(3) at zero-temperature
(nB = 0) are shown in Fig. 2 for a QD with Ed = 2 eV
and δ = Eb − Ed = 0, 1, 5 meV. Here we used Jem = 1
meV and Jhm = 4 meV. The initial state of MI is com-
pletely uncorrelated with half of the spins populated in
up-direction. As it is shown, because of the coupling
with the bath of photons, bright-exciton decays to vac-
uum without flipping the MI spin and mixing with Xd,
e.g., |Xb,Mz〉 → |0,Mz〉. However, a coherent Rabi os-
cillation between Xb and Xd via exchange with MI is
responsible for spin-transfer to MI. In Fig. 2(b) the time
evolution of the components of the ensemble-averaged
magnetization of MI, 〈Mα〉 = Tr(ρMα) with α = x, y, z
are depicted for δ = 0. As it is shown, 〈 ~M(t)〉 exhibits
under-damped oscillations around a positive field that
decays to zero as a function of time. In Fig. 2, we find
that ρ11 = e
−Γt/2 and ρ55 = (1−e−Γt)/2 fit perfectly the
numerical solution of ρ11 and ρ55 for all δs. The decay
channel of dark-exciton is through a transition to bright-
exciton and spin-flip of MI. This process is schematically
depicted in the inset of Fig. 3. A strong dependence of
dark-exciton population on δ is seen in Fig. 2.
Consistent with the time-evolution of the density ma-
trix, we propose an exciton wave-function that fits the
density matrix via ρ(t) = |ψ(t)〉〈ψ(t)|:
|ψ(t)〉 = Cb↓e−Γt/2|Xb, ↓〉+ Cb↓
√
1− e−Γt|0, ↓〉
+Cb↑ cos(Jemt/h¯)e−Γt/2|Xb, ↑〉+ C0↑
√
1− e−Γt|0, ↑〉
+Cd↓ sin(Jemt/h¯)|Xd, ↓〉+ Cd↑|Xd, ↑〉, (4)
with Cb↓ = 1/
√
2. Note that |Xb, ↑〉 and |Xd, ↓〉 coher-
ently oscillate because Jem in off-diagonal elements of
Hxm mix these two states. Also from ρ66(Γt >> 1) →
1/2 we deduce |C0↑(Γt >> 1)| → 1/
√
2, and finally
Cd↑(t) = 0 because ρ44 = 0. The rest of coefficients
in |ψ(t)〉 can be determined numerically by fitting to the
solutions of density matrix that also fulfills the normal-
ization of the wavefunction 〈ψ|ψ〉 = 1.
The results obtained in this section illustrate that a
bright-exciton transfers the angular-momentum of the
CW laser field to the magnetization of the MI during
the transient time, t < tr ≈ 10Γ−1. However, it gradu-
ally losses the magnetization to the environment via an-
nihilation of the exciton within the exciton annihilation
time tr. Two vacuum states |0, ↑〉 and |0, ↓〉 are equally
populated within tr, hence the final MI magnetization
is randomized and its ensemble average vanishes. Note
that the lack of DMP and build up of MI magnetization
is the consequence of the ground state with random and
uncorrelated states of MI. If the annihilation of the exci-
ton is selectively blocked for one type of spin of MI, e.g.,
X
b
J
em
MI
vacuum
X
d
FIG. 3: Time evolution of Sz of a train of injected photo-
electrons inside QD (circles) and a single MI (stars) with spin
S = 1/2 and no nuclear spin. The inset shows the Λ-shape
three level optical resonance of bright- and dark-exciton (Xb
and Xd). The Rabbi oscillation between Xb and Xd occurs
because of the exchange interaction between the exciton and
the system of MI and nuclear spins. The optical selection rule
allows decay of Xb to vacuum. However, the population of Xd
decreases indirectly through the conversion of Xd to Xb.
by interruption of the decay process by quantum jumps
within t < tr, a dramatic change in the dynamics of the
system occurs due to interaction between MI and other
excitons in the environment and a final state with non-
vanishing MI magnetization appears. As seen in Fig. 1,
the time evolution of the density matrix predicts that the
state of MI after first quantum jump (t < tr) is partially
spin-polarized. Thus the MI with partial spin polariza-
tion interacts with second exciton tunneling in from the
small quantum dot and as a result a net spin polarization
builds up . The rest of this paper is devoted to discussion
of the DMP by quantum jumps.
A. Quantum jump algorithm
As noted in Ref. 27, detection of photons from a
single quantum system requires spontaneous emission
due to vacuum fluctuations, i.e., the photon emission
is a stochastic process, described by quantum jump ap-
proach26,27. The time evolution of the density matrix of a
QD interacting with photons is given by Eq.(3). At zero
temperature nB = 0 and the time evolution of the den-
sity matrix is described by a standard Lindblad master
5equation (ME)26
dρ
dt
=
−i
h¯
[HQD, ρ]− Γ
2
∑
Mz
({P †MzPMz , ρ} − 2PMzρP
†
Mz
),
(5)
where {. . .} is the anti-commutator. Comparing Eq.(5)
with Eq.(3) we identify quantum jump operator PˆMz =
|0,Mz〉〈Xb,Mz| and its Hermitian conjugate Pˆ †Mz =|Xb,Mz〉〈0,Mz| that project the excitonic state onto vac-
uum and vice versa without flipping spin of MI, hence∑
Mz
Pˆ †Mz PˆMz = |Xb, ↑〉〈Xb, ↑ |+ |Xb, ↓〉〈Xb, ↓ |. At each
instance of time, t, the density matrix can be divided
into series of density matrices, each representing a spe-
cific quantum trajectory associated with a sequence of
randomly generated quantum jumps in the interval of
time [0, t]. Hence the QD density matrix can be calcu-
lated by ensemble average of density matrices over all
quantum jump trajectories.
The formulation of quantum jump starts from Eq.(5).
In the absence of MI, a recipe for quantum jump al-
gorithm can be found in Ref. 26. For completeness of
our presentation we first review this algorithm and then
generalize it to exciton in the presence of MI and nu-
clear spins. We consider optical transition in a two-
level system consisting of bright-exciton and vacuum
without considering an intermediate transition to dark-
exciton. This condition is fulfilled if we disregard pres-
ence of any MI and nuclear spin. Here the quantum
jump operators are Pˆ = |0〉〈Xb|, Pˆ † = |Xb〉〈0|, hence
Pˆ †Pˆ = |Xb〉〈Xb|. Starting at t = 0 with the initial con-
dition |ψ(t = 0)〉 = |Xb〉, we calculate the time evolution
of the system in discrete time-steps δt. In each time-step
we evaluate the quantum jump probability by calculat-
ing δq0 = Γ(δt)〈ψ|Pˆ †Pˆ |ψ〉 = Γδt and drawing a random
number r. If r < δq0 a quantum jump occurs and |ψ〉 col-
lapses to |0〉, otherwise |ψ(t + δt)〉 = e−Γδt(Pˆ †Pˆ )/2|ψ(t)〉.
Here the generator for the time-evolution operator is a
non-Hermitian Hamiltonian Heff = −ih¯Γ(Pˆ †Pˆ )/2. So at
t = 0 + δt we have |ψ(0 + δt)〉 = e−Γδt(|Xb〉〈Xb|)/2|Xb〉 =
e−Γδt/2|Xb〉 +
√
1− e−Γδt|0〉. The last term keeps the
norm of |ψ〉 constant (if we use the norm of wave-function
as a constraint in our calculation). At this time δq1 =
Γ(δt)e−Γδt. We draw r and if r < δq0 + δq1 then |Xb〉 →
|0〉 and a photon is detected and calculation is termi-
nated. Otherwise, |ψ(δt + δt)〉 = e−Γδt(|Xb〉〈Xb|)/2|ψ(0 +
δt)〉 = e−Γ(2δt)/2|Xb〉 +
√
1− e−Γ(2δt)|0〉. In nth-step
δqn = Γ(δt)e
−nΓδt thus we calculate a cumulative quan-
tum jump probability:
δpn =
n∑
k=0
Γ(δt)e−kΓδt = Γ(δt)
1− e−(n+1)Γδt
1− e−Γδt , (6)
and if r < δpn quantum jump occurs. As the
time advances, the chance for a quantum jump be-
comes more likely, however, the probability amplitude
for Xb in |ψ〉 decreases with the same rate simul-
taneously. In nth-step if there is still no quantum
jump, then |ψ(nδt)〉 = e−Γδt(|Xb〉〈Xb|)/2|ψ([n − 1]δt)〉 =
e−Γ(nδt)/2|Xb〉+
√
1− e−Γ(nδt)|0〉.
The quantum jump algorithm in the presence of MI is
similar to the one in the absence of MI, with a difference
that the time evolution of the wavefunction is generated
by an effective Hamiltonian Heff = HQD− ih¯Γδt(Pˆ †Pˆ )/2
that allows an intermediate transition to the dark-exciton
due to spin-exchange with MI. Therefore the description
of quantum jump process in the presence of MI is based
on a three level system depicted in the inset of Fig. 3 and
consist of |0〉, |Xb〉, |Xd〉 and MI.
IV. DYNAMICAL EVOLUTION OF MI BY
TRAIN OF EXCITONS IN THE PRESENCE OF
NUCLEAR SPINS
As illustrated in Fig.1 a small quantum dot is con-
tinuously refilled by a non-resonant circularly polarized
CW laser. The spin polarized excitons transfer into the
QD containing the complex spin system MI. We assume
therefore a train of incoming bright excitons |Xb〉 ≡ | ↓
,⇑〉 interacting with MI in the quantum dot. Each elec-
tron in the exciton transfers spin to MI and creates a
superposition of dark and bright excitons entangled with
MI and nuclear spins. At the bright exciton recombina-
tion time, tr, photon is detected, quantum jump takes
place, dark exciton wavefunction is erased and MI and
nuclear spin complex is left in a modified state. The ex-
citon removal is performed by using the quantum jump
projector method26,27 described below which yields the
modified wavefunction of the MI and nuclear spins. New
spin polarized exciton tunnels into the quantum dot and
begins interaction with the MI and nuclear spins modified
by electron spin of previous exciton.
The basis for combined exciton-spin sys-
tem is composed of three groups of basis
states: vacuum |0,Mz, Iz1, . . . , IzNb〉, bright ex-
citon |Xb,Mz, Iz1, . . . , IzNb〉 and dark exciton
|Xd,Mz, Iz1, . . . , IzNb〉. Only the vacuum and bright
exciton group of states are coupled to the pho-
ton field via projectors Pλ = |0, λ〉〈Xb, λ|. Here
states |λ〉 = |Mz, Iz1, . . . , IzNb〉 describe a total of
NS = (2Mz + 1)(2Iz + 1)
Nb complex spin MI and
nuclear spin states. In the following symbols |λ〉 and |µ〉
represent |Mz, Iz1, . . . , IzNb〉.
The time evolution of the density matrix ρ = |Ψ〉〈Ψ|
in ME, Eq.(5) can be generalized by Mz → λ. As de-
scribed in section III A, the wave-function |Ψ〉 subjected
to stochastic “birth-death” process29 of recombination
and photo-excitation can be used to describe the time
propagation of the system coupled with radiation-field
and undergoing quantum jump process. At t = 0 we start
with the initial state |Ψn=0(t = 0)〉 = |0〉|χ0〉 of MI and
the nuclear spin-bath. The index n counts the number of
quantum jump events. The state |χ0〉 =
∑
λ C
n=0
λ |λ〉
is a random linear combination of all possible config-
urations with the coefficients C
(0)
λ being uniformly dis-
6tributed random complex numbers. We note that if we
were to compute expectation value 〈Mz〉 for this random
state we would obtain a finite value. However, averaging
over many sets of C
(0)
λ yields no initial magnetization.
At t = 0+ a bright exciton created in neighboring QD
enters the central QD. The creation of |Xb〉 and annihi-
lation of |0〉 are described by operator |Xb〉〈0|, hence the
wave-function of the system with one exciton is given by
| Ψn=1 (t = 0+)〉 = |Xb〉〈0|Ψn=0(t = 0)〉 = |Xb〉|χ0〉
= |Xb〉
∑
λ
Cn=0λ (t = 0)|λ〉
=
∑
λ
Cn=1λ (t = 0
+)|Xb, λ〉 (7)
where Cn=1λ (t = 0
+) = Cn=0λ (t = 0). The initial wave-
function of the injected bright exciton, MI and nuclear-
spins is an uncorrelated state. However, the Hamiltonian
HQD that accounts for the exchange coupling, creates
quantum correlation in the exciton-MI-nuclei complex
and |Ψ〉 evolves into a linear combination of all configu-
rations, including an entangled state between bright and
dark excitons. As a function of time, the bright-exciton
decays into vacuum because of coupling with quantized
electromagnetic-field.
To be consistent with the quantum jump algorithm
we discretize the time t into small steps δt. Note that
because of the small eh- and MI-nuclear-spin couplings
(Jne, Jnh and Jnh) the excitons and MI evolve in a frozen-
fluctuating field of nuclear-spins32–34. The eh recombi-
nation time, tr is the smallest time-scale in our model,
hence δt << tr.
The time evolution of the wave-function of eh-MI-
nuclei complex is calculated in the Schro¨dinger picture33
by using the relation |Ψ(t+δt)〉 = exp(−iHeffδt/h¯)|Ψ(t)〉.
Here, |Ψ(t)〉 is the wave-function of the entire system,
Heff = HQD − ih¯(Γ/2)
∑
λ P
†
λPλ where the last term de-
scribes the decay of bright exciton due to coupling with
photon-field, hence
|Ψn=1(δt)〉 = exp(−iHeffδt/h¯)|Ψn=1(t = 0+)〉. (8)
In Eq. 8 we use exp(−iHeffδt/h¯) ≈
exp(−iHQDδt/h¯) exp(−Γδt/2
∑
λ P
†
λPλ) + O((δt)
2)
with P †λPλ = |Xb, λ〉〈Xb, λ| and the follow-
ing identities exp(−Γδt∑λ P †λPλ)|Xb, µ〉 =∏
λ exp(−ΓδtP †λPλ)|Xb, µ〉 = exp(−Γδt)|Xb, µ〉, as
exp(−ΓδtP †λPλ)|Xb, λ〉 = exp(−Γδt)|Xb, λ〉, and
exp(−ΓδtP †λPλ)|Xb, µ〉 = |Xb, µ〉 where µ 6= λ,
as well as exp(−ΓδtP †λPλ)|Xd, λ〉 = |Xd, λ〉, and
exp(−ΓδtP †λPλ)|0, λ〉 = |0, λ〉.
Because Heff is time-independent, we employ the
method based on Bessel-Chebyshev polynomial expan-
sion33 to calculate the time evolution of the wave-
function
|Ψn=1(δt)〉 ≈ e−Γ2 δt
∑
λ
P †
λ
Pλe−
i
h¯HQDδt|Ψn=1(t = 0+)〉
= e−
Γ
2 δt
∑
λ
P †
λ
Pλ
∑
µ
[C˜n=1Xb,µ(δt)|Xb, µ〉+
+C˜n=1Xd,µ(δt)|Xd, µ〉]. (9)
Note that HQD is Hermitian and thus exp(−iHQDδt/h¯)
is a unitary operator that conserves the norm of wave-
function, hence |C˜n=1Xb,µ(δt)|2 + |C˜n=1Xd,µ(δt)|2 = 1. This
is in contrast with the operator exp(−Γδt/2∑λ P †λPλ)
that is non-unitary and does not preserve norm of
wave-function, however, because it describes the de-
cay of Xb into vacuum, we build a norm-conserving
wave-function by adding vacuum. After applying
exp(−Γδt/2∑λ P †λPλ) in Eq. 9 we find
|Ψn=1(δt)〉 =
∑
λ
|λ〉[exp(−Γδt/2)Cn=1Xb,λ(δt)|Xb〉
+
√
1− exp(−Γδt)Cn=10,λ (δt)|0〉
+Cn=1Xd,λ(δt)|Xd〉]. (10)
In the limit of Γ = 0 the coefficients with and with-
out tilde used in Eqs. 9-10 are identical. Matching the
initial conditions between Eq.(7) and Eq.(10) implies
Cn=1Xb,λ(δt = 0) = C
n=1
λ (t = 0
+) and Cn=1Xd,λ(δt = 0) = 0.
Using an iterative procedure to propagate the wavefunc-
tion in time we find
|Ψn=1(t)〉 =
∑
λ
|λ〉[Cn=1Xb,λ(t)|Xb〉+ Cn=10,λ (t)|0〉
+Cn=1Xd,λ(t)|Xd〉], (11)
where the coefficients Cn=1Xb,λ(t), C
n=1
0,λ (t), and C
n=1
Xd,λ
(t) are
determined numerically. This wave-function describes a
correlated state of bright and dark excitons as well as
vacuum. Because of the spin flip-flop process of electron
with MI and nuclear-spins the initially formed bright ex-
citon |Xb〉 mixes with the dark-exciton |Xd〉.
From the Lindblad ME, the quantum jump transi-
tion rate is given by Γjump = Γρb. ρb represents the
population of the bright exciton obtained from the full
QD density matrix after tracing over MI and nuclear
spin degrees of freedom. The quantum jump probability
δpjump = Γjumpδt is then calculated and compared with
a random number r generated between zero and one. If
r <
∫ tr
0
dtΓjump a quantum jump takes place, photon is
recorded and the quantum dot is in the ground state.
The elapsed time tr recorded for this quantum jump is
the eh-recombination time. At t = tr we allow exciton
to annihilate by spontaneous emission of a photon. The
operator that allows annihilation of bright exciton and
creation of vacuum is |0〉〈Xb|. Hence
|Ψn=2(t = tr)〉 = |0〉〈Xb|Ψn=1(t = tr)〉
= |0〉
∑
λ
Cn=1Xb,λ(t = tr)|λ〉
=
∑
λ
Cn=2λ (t = tr)|0, λ〉 (12)
7where Cn=2λ (t = tr) = C
n=1
Xb,λ
(t = tr).
Immediately after annihilation of exciton, a new spin
polarized exciton tunnels into the quantum dot from the
neighboring dot. The spin polarized exciton interacts
with the MI spin M and nuclear spins I in a state mod-
ified by the previous exciton. At t = tr + 0
+, second
bright exciton Xb created in the neighboring QD tunnels
into the central QD
|Ψn=3(t = tr + 0+)〉 = |Xb〉〈0|Ψn=2(t = tr)〉
= |Xb〉
∑
λ
Cn=2λ (t = tr)|λ〉
=
∑
λ
Cn=3λ (t = tr + 0
+)|Xb, λ〉 (13)
with matching the initial conditions that requires
Cn=3λ (t = tr + 0
+) = Cn=2λ (t = tr). Note that this
state is not correlated. The quantum correlation appears
from the time evolution of wave-function generated by
exchange couplings in Heff right after t = tr
|Ψn=3(t)〉 = exp(−iHefft/h¯)|Ψn=3(t = tr + 0+)〉
=
∑
λ
|λ〉[Cn=3Xb,λ(t)|Xb〉+ Cn=30,λ (t)|0〉
+Cn=3Xd,λ(t)|Xd〉], (14)
where Cn=3Xb,λ(tr + 0
+) = Cn=3λ (tr + 0
+) and Cn=3Xd,λ(tr +
0+) = 0 are matching conditions. As we see there is no
type of linear combination between |0〉 and {|Xb〉, |Xd〉}
because there is no Rabi-oscillations between vacuum and
excitons.
To summarize the above procedure and make connec-
tion between tunneling of exciton and photo-emission we
formally introduce a projector Qn→n+1 = |Xn+1b 〉〈Xnb |
in nth step of quantum jump. The superscripts re-
fer to annihilated nth and created n + 1th exciton.
Note that Qn→n+1|Xnb 〉 = |Xn+1b 〉 and Qn→n+1|Xd〉 =
Qn→n+1|0〉 = 0, hence the quantum jump operator
projects out any correlated state composed of superpo-
sition of bright and dark exciton to a new born bright
exciton. The new wavefunction in the QD then can be
constructed as |Ψ(t = t+r )〉 = Qn→n+1|Ψ(t = t−r )〉 where
t±r = tr ± η and η → 0. In this state, |Xn+1b 〉 is initially
uncorrelated from MI and nuclear-spins. At t = t+r it can
be expressed as
|Ψn+1〉 = |Xn+1b 〉
∑
λ
ANC
n
Xb,λ
(tr)|λ〉. (15)
We observe that after quantum jump the new injected
exciton Xn+1b starts with the normalized (factor AN )
state of MI and nuclear spins
∑
λ C
n
Xb,λ
(tr)|λ〉 which was
left over by the previous bright exciton Xnb at the time
of radiative recombination. Detecting a photon erased
the dark exciton wave-function and modified the state of
both MI and nuclear spins. This is the DMP mechanism
discussed here. With initial condition established, the
time evolution of the entangled state of photo-carriers
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FIG. 4: Time evolution of Sz of a train of injected photo-
electrons inside QD (circles), a single MI (stars) and the av-
erage of Nb = 15 nuclear-spin polarization (triangles).
with MI and spin-bath then can be calculated after up-
dating the coefficients C’s. At the end one needs to aver-
age over initial conditions. Although the procedure dis-
cussed here describes the immediate refilling of central
QD after annihilation of the exciton, we can always im-
plement a waiting time between the recombination and
refilling process.
V. NUMERICAL RESULTS AND DISCUSSION
Our approach to DMP is illustrated using parameters
based on (Cd,Mn)Te QDs with J˜em = 15 meV nm
3,
J˜hm = 60 meV nm
3 corresponding to the exchange cou-
pling in the bulk materials, hence Jem = J˜em|φe(Rm)|2
and Jhm = J˜hm|φh(Rm)|2. The circular symmetry of
quantum dots is implemented by assuming ∆1 = 0. Here
φe/h(~Rm) is the e/h envelope-wavefunction in the cen-
tral dot at ~Rm, the position of MI. We assume Jeh = 0.6
meV30 and initialize Jne, Jnh, Jnm and Jnn′ as random
numbers with a mean value of the order of 1 µeV. How-
ever we note that the realistic value for nuclear hyper-
fine interaction is reported within 1 neV35 three orders
of magnitude smaller than the energy scales used in our
finite size calculation.
Here we discuss numerical results with nuclear spins,
immediately after refilling of QD by bright exciton.
Figs. 4-7 illustrate DMP/DNP and the quantum jump
trajectories for exciton, MI and nuclear-spins. In Fig. 4
a single quantum jump trajectory for spin-1/2 MI is plot-
ted. In Figs. 5-7 the ensemble average of twenty quantum
jump trajectories for spin-1/2 (Fig. 5), spin-1 (Fig. 6)
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FIG. 5: Time evolution of ensemble average of 20 trajectories
for Sz of a train of injected photo-electrons inside QD (circles),
a single MI (stars) and the average of Nb = 15 nuclear-spin
polarization (triangles).
and spin-5/2 (Fig. 7) MI are plotted. The trajectories are
time-evolution of the initial spin wavefunctions which are
generated in random linear combination of spin configu-
rations. Each curve consists of thousands of time-steps
and points. For clarity of the legends, after every hundred
points symbols like circle, star and triangle are superim-
posed on each curve. As shown the MI and the average
polarization of Nb = 15 nuclear spins gradually builds-up
by a train of injected bright excitons. At t = tr, one pair
of eh collapses into vacuum with 〈Se,z(t)〉 < 1/2 as part
of the e-spin is transferred to MI. An empty dot instanta-
neously absorbs the second photo-generated eh pair with
total angular momentum jz = −1 which transfers to
spin of MI and nuclei before its removal. We repeat this
procedure until the spin polarization of MI and nuclear-
spins is built-up. The method presented here is limited
to a finite number of nuclear spins because of exponen-
tially increasing computational effort with the number of
spins. However, a systematic study of the convergence of
the numerical results by increasing Nb shows satisfactory
outcomes around Nb = 15.
We now discuss DMP for MIs with more than one local-
ized electron. We consider two cases of MI with two and
five electrons localized in open-shell p/d-orbitals. The
spin Hund’s rule implies that the total spin of the elec-
tronic ground state of MIs is maximum. For two electrons
the spin triplet manifold (M = 1) is separated from the
higher energy spin-singlet state (M = 0) with the singlet-
triplet energy gap EM=0 − EM=1 = |Jm|. Here Jm is
the ferromagnetic exchange coupling between two elec-
trons localized in MI. Similarly the lowest energy state
of MI (e.g., Mn) with five d-electrons corresponds to
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FIG. 6: (a) Time evolution of magnetic moment of ensemble
of MIs with two localized p/d-electrons in ferromagnetically
ordered spin-triplet M = 1 and Mz = ±1, 0 interacting with
a train of injected photo-electrons inside QD, and Nb = 15
nuclear-spins. Unlike Mz = ±1 that interact strongly with
excitons, Mz = 0 exhibits weak interaction. The average of
three states show saturation close to 〈Mz〉 = 13 (2 × 1 + 0) =
0.67 as the ensemble is populated equally among all possible
spin-triplet states. (b) Time evolution of ensemble averaged
of spin of MI (stars), photo-electrons (circles), and Nb = 15
nuclear-spins (triangles).
total spin M = 5/2 with six-fold degeneracy. These
states are separated from higher energy spin-manifold
with energy gap proportional to Jm. Considering Jm few
times larger than other exchange couplings avoids mixing
ground state with the higher energy excited states of MI.
For a system containing spin-1 MI, we consider an en-
semble with equally populated states Mz = ±1, 0 (1/3
for each Mz). Similarly the ensemble of Mn’s contains
Mz = ±5/2,±3/2,±1/2 with equal population (1/6 for
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FIG. 7: Time evolution of magnetic moment of individual
states of Mn (a) and an ensemble of Mn’s (b) with five lo-
calized d-electrons (stars) interacting with a train of injected
photo-electrons inside QD (circles), and Nb = 15 nuclear-
spins (triangles). The ensemble is constructed with equally
populated Mz = ±5/2,±3/2,±1/2 among finite number of
Mn’s. The average of six states show saturation close to
〈Mz〉 = 16 (2× 52 + 2× 32 + 2× 12 ) = 96 = 1.5 as the ensemble
is populated equally among all possible spin-triplet states.
each Mz). Thus ensemble average over all possible QJ
trajectories includes summation over all Sz. In Fig. 6(a),
we show the time evolution of spin-triplet states initially
started from Mz = ±1, 0. We observe that MI with Mz =
−1 switches polarization to 〈Mz〉 ≈ +1 because of strong
interaction with excitons that allows DMP mechanism to
proceed efficiently. It is therefore expected that the po-
larization of Mz(t = 0) = +1 does not alter dramatically,
although it is initially decohered by nuclear spins but we
find that it stays polarized with 〈Mz〉 ≈ +1 because of
strong interaction with train of excitons. On the other
hand, MI with initial polarization Mz(t = 0) = 0 fluctu-
ates around Mz = 0. Analogue to its spin-singlet counter
part, the spin-triplet Mz = 0 weakly interacts with exci-
tons and nuclear spins36. Hence the the polarization ob-
tained for this ensemble indicates that the final state is a
mixture of all spin-triplet configurations with maximum
achievable polarization 〈Mz〉 = 13 (2 × 1 + 0) = 23 = 0.67
as Mz = ±1 equally contribute to ensemble average of
〈Mz〉. Similarly we can predict the maximum spin polar-
ization achievable for ensemble of Mn can be calculated
by 〈Mz〉 = 16 (2× 52 + 2× 32 + 2× 12 ) = 96 = 1.5 as shown
in Fig. 7. It is straightforward to show that mixing with
higher energy excited states suppress the magnetic satu-
ration down to 〈Mz〉 = 1.1 if the final state is a mixture
of equally populated all spin multiplicities of five spin-
1/2 electrons. The results shown in Fig. 7 suggest that
the saturation of 〈Mz〉 occurred between 1.1 and 1.5 that
might be interpreted as an indication of leakage of the op-
tically pumped ground state of Mn to its excited states.
VI. SUMMARY
In conclusion, dynamical magnetic and/or nuclear po-
larization in single quantum complex spin systems is dis-
cussed for the case of spin transfer from exciton to the
central spin of magnetic impurity in a quantum dot in the
presence of a finite number of nuclear spins. The exciton
is described in terms of the electron and heavy hole spins
interacting with magnetic impurity via exchange interac-
tion, with a finite number of nuclear spins via hyperfine
interaction and with photons via dipole interaction. The
time-evolution of the exciton, magnetic impurity and nu-
clear spins is calculated exactly between quantum jumps
corresponding to exciton radiative recombination. The
collapse of the wave-function and the refilling of the quan-
tum dot with new spin polarized exciton is shown to lead
to a build up of magnetization of the magnetic impurity
as well as nuclear spins. The competition between elec-
tron spin transfer to magnetic impurity and to nuclear
spins simultaneous with the creation of dark excitons is
therefore elucidated. The technique presented here opens
up the possibility of studying optically induced Dynam-
ical Magnetic Polarization in Complex Spin Systems.
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